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The scientific method

System

Observe and describe

Discern pattern, find rules
(deduction)

Using the language of
mathematics

F = mg

Prediction
Compare predicted with
observed reality
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System can be: 
Brain
Institute of Neuropathology
USZ
Zurich
Solar system
Universe



Nonlinearity: Disclaimer

• Nomenclature mostly from classical and 
quantum mechanics.

• Mathematical and intuitive approach
possible.

• In biology, pioneered and mostly used by
(however still few) ecologists.

• Usually ignored in molecular biology. 
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A manifold is a topological space that is modelled on Euclidean space.



Goals of this JC

• Show you how insights gained in one field 
of science may, if understood and taken 
advantage of, fertilize other fields.

• Discuss how scientific questions may 
impact, and even alter, everyday 
epistemology.

• Show conceptual relevance without 
necessarily understanding the full 
mathematical scope. 



Phase space and dimensionality

Possible state of the system

Phase space

x

y

Infinite number of variables

Surrogate to 
represent 
system

System

Trajectory/ orbit

e.g. density of clouds

e.g. humidityy

x
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Phase space: Sum of all possible states of a dynamic system.
Dynamic evolution of a possible state: Trajectory/orbit. 



D = 1

Phase space and dimensionality
Phase space

x

y z
D = 2D = 3

Amount of variables required to represent system: Dimensionality
The more dimensions, the higher the degree of freedom



Relationship of phenomena

• The world is not static and changes over
time: Dynamics usually nonlinear.

• If sensitive to initial conditions (e.g. 
chaos theory)  usually nonlinear.

• Something like f(x) = mx + k  certainly
linear. 



Linear systems

• Change in variable at initial time 
 change in same or different 
variable at later time that is
linearly proportional to change
at initial time.

• Linear systems satisfy the
property of superposition: The 
combination of two solutions for
a linear system is also a solution: 
f(x + y) = f(x) + f(y).

• System can be simplified, sum 
of simplified solutions
(addressing the full complexity of
the system) are still valid.

• Rather easily solvable.

Nonlinear 
systems

• Change in variable at initial time 
 change in same or different 
variable at later time is not 
proportional to change at initial 
time.

• Often, they show exponential
sensitivity to initial conditions.

• Individual solutions cannot be
superimposed Cope with
entire complexity of problem.

• Solutions require high 
computational power.

• These systems are ubiquitous
in nature and concern all fields
of science!



Separability!
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http://nbviewer.jupyter.org/github/rasbt/pattern_classification/blob/master/dimensionality_reduction/projection/kernel_pca.ipynb#Principal-Component-Analysis



Linearity is an exception
• Example linear system: Dampened oscillator:

𝑚𝑚
𝑑𝑑2𝑥𝑥
𝑑𝑑𝑡𝑡2

+ 𝑏𝑏
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑘𝑘𝑘𝑘 = 0

𝑚𝑚𝑥̈𝑥 + 𝑏𝑏𝑥̇𝑥 + 𝑘𝑘𝑘𝑘 = 0

with x1 = x
and x2 = 𝑥̇𝑥

𝑥̇𝑥1 = 𝑥𝑥2

𝑥̇𝑥2 = 𝑥̈𝑥 = −
𝑏𝑏
𝑚𝑚
𝑥̇𝑥 −

𝑘𝑘
𝑚𝑚
𝑥𝑥 = −

𝑏𝑏
𝑚𝑚
𝑥𝑥2 −

𝑘𝑘
𝑚𝑚
𝑥𝑥1

• Since xi on the right side appear first power, the system is called 
linear. Otherwise, system would be nonlinear. 
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𝑚  𝑑 2 𝑥 𝑑 𝑡 2  +𝑏 𝑑𝑥 𝑑𝑡 +𝑘𝑥=0

b: friction constant
dx/dt: velocity
Ffriction = b * v
m = mass
kF = spring constants




Linearity is an exception
• Example nonlinear systems:

– Gene expression
– Neuronal network formation
– Morphogenesis
– Weather
– Fish population/overfishing
– Spread of infectious disease with TIME
– Pulsating stars (non-chaotic)
– Other stars (chaotic)
– Economics (stock market, e.g.)

• Common sense assumptions:
– System is static
– We are in equilibrium



Why should we consider nonlinear
systems?

• Because we may not be at equilibrium
when we measure.

• Because TIME may heavily influence the
outcome of our studied system.

• Because our data might heavily rely on 
initial states and display mirage
correlations.

• (Because some of us would like to make a 
lot of money on the stock market…)





Implications: Correlation and 
causation

Shark attacks

Ice cream sales



Implications: Correlation and 
causation

• Bishop Berkeley (1710): «Correlation does
not necessarily imply causation.»

Correlation

Causation



Detecting causality in complex
systems

• Imagine you have reason to believe that the laws
«governing» your system have to be
mathematically described with a nonlinear
difference equation. 

System

Observe and describe

Discern pattern, find rules
(deduction)

F(x,y) = x2 – xy + y2Multiple solutions, complex
behaviour, chaos, bifurcations. 



• Simple model of two elusively coupled
logistic maps two species logistic
model.



Causation without correlation?

positive anti none

Vorführender
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Altough system is determined and dynamically coupled, there is no long-term correlation. 



Correlation and causation

• Conclusion: Variables are not causally related since they
are uncorrelated?

• But they are, mathematically, causally related.



Predictive causality

• Importance to define causal relationships
also in nonlinear, i.e. predominating, 
systems in nature. 

• Apply principal of Granger causality? 

Vorführender
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Lecture notes from lecture hold by George Sugihara.



Granger causality (economics)
If

𝜎𝜎2 𝑋𝑋|�𝑈𝑈 < 𝜎𝜎2 𝑋𝑋|𝑈𝑈 − 𝑌𝑌

is true, then Y «Granger causes» X.

Problematic if Y contains information on X, i.e. is not fully uncoupled
This is exactly what happens in dynamic (coupled) systems where
information about Y is contained in all other variables, whereby it
cannot be subtracted from the universe of all possible variables.

Granger theorem only applies if world is fully stochastic.

Vorführender
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Lecture notes from lecture hold by George Sugihara.

Predict X from the universe of all variables U. 
Sigma square = variance

If we remove variable Y from the universe of all possible variables and the variance increases, we know that Y Granger causes X. 



Convergent cross mapping

• If X causes Y, then Y contains information 
about X that can be used to predict X.

• States of X can be reconstituted from
history of Y.

• Causation can be tested by mesauring
extent to which historical record of Y 
values can reliably estimate states of X 
correlation coefficient ρ.

Vorführender
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Lecture notes from lecture hold by George Sugihara.



Finding correlations



Convergent cross mapping

Based on Lorenz 
attractor for 
coupled
nonlinear system
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In this figure, what is depicted is the attractor manifold based on the Lorenz system (system that involves three coupled nonlinear differential equations). The attractor manifold for the original system (M) is shown, and its two shadow manifolds Mx and My that are contructed by means of Takens’ theorem.

Nearby points on Mx and My are connected via time indices as for both variables, there are time series.  Thereby, we can estimate states accross manifolds using Y to estimate the state of X and vice versa. 



Takens’ Theorem



Convergent Cross Mapping



Detecting causation with CCM

Vorführender
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For longer time series L, the correlation coefficient increases.
Beta x,y = 0  Y no effect on X.
Beta y,x = 0  X no effect on Y.
C: When beta x,y = 0, the the Y manifold cannot be reconstituted, as expected. 
D: However, X can still be recovered from Y.
E: If Y has no effect on X, X needs to have a huge effect on Y in order to still measure convergence. System has to be pushed so that crossmapping is still possible but Y is not dynamic any longer. 



Causal networks

Vorführender
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Model examples:

Models can be biredctionally coupled,
Unidirectionally coupled,
Or an external force can act on them.  See B: In case an external force acts, the crossmapping indicates a very low correlation whereas standard cross correlation would indicate quite a bit of correlation.
A complex model involves many different interactions acting in parallel. Here, they used a five species model and found that species 1, 2, and 3 bidirectionally interact with each other, which is shown with highly mutual crossmappings. 4 and 5 are unidirectionally coupled from 1, 2, and 3.



Summary

• CCM allows predictive modelling of 
nonlinear systems (including variable 
feedback loops) and detection of 
correlation.

• Regulatory actions (climate change, 
overfishing, e.g.), economics, data 
analysis and experimental design. 



Implications: Correlation and 
causation

• Bishop Berkeley (1710): «Correlation does
not necessarily imply causation.»

• George Sugihara (nonlinear dynamics): 
«Lack of correlation does not imply lack of
causation.»

Correlation

Causation

Correlation

Causation





The curse of dimensionality

• Complexity obstacle to overcome!
• In variety of fields including ecology, 

finance, neuroscience, medicine… 
• Approach 1: Reduce systems to linearly

independent components. 



The curse of dimensionality

Dimensionality reduction primer

PCA

K-PCA



The curse of dimensionality

Dimensionality reduction primer

PCA

K-PCA



The curse of dimensionality

Dimensionality reduction primer

PCA

LLE



The curse of dimensionality

• Dimensionality reduction assume that
causal factors
– do not interact with each other,
– have effects that are independent or additive 

(as is valid for truly linear systems that can be
superimposed). 



The curse of dimensionality

• Complexity obstacle to overcome!
• In variety of fields including ecology, 

finance, neuroscience, medicine… 
• Approach 2: Use complex equation-based

models often too many parameters to 
be precisely determined. 



Empirical dynamic modeling
Time series

Takens’ theorem

Lag of single or multiple variables

Reconstruction of attractor manifold



Multiview embedding

Vorführender
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A:  In interconnected systems with multiple time series observations, many different variable combinations are possible  reconstruct manifold using Takens’ theorem or via e.g. CCM. 

B: Manifolds reconstructed from 25 points per variable (three species) using Takens’ theorem  25 points usually too few to to fully resolve the system behaviour (predict to 1000 points).  

C:  Combine views – In contrast to conventional simplex projection where forecast is based on weighted average of nearest neighbours in single view, top k reconstructions and single nearest neighbour from each view are considered. 



Multiview embedding



Comparison
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Apart from formerly shown univeriate and multiview embedded models, a multivariate model was used for testing and the predictability was assessed.
For the univariate model, the lags of only one variable were taken.
For the multivariate model, the lags of all variables were used and the system with the highest in-sample rho was taken.
And this was compared to multiview embedding, their technology, in the way data can be predicted. 



Conclusions

• Main innovation of MVE is to leverage
interconnectedness of complex systems. 

• Noise-mitigating aspects of MVE are 
potentially useful for applications such as 
signal processing or nonlinear system 
control. 

• High-dimensionality may be a curse – but 
complexity can be advantage promoting
better clarity and prediction. 
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